Abstract. In this paper we prove that the duals of the quantum reflection groups H and to use a fundamental theorem proved by M.Brannan giving a method to construct nets of trace-preserving, normal, unital and completely positive maps on the von Neumann algebra of a compact quantum group G of Kac type ([6]).
Introduction
A (classical) discrete group Γ has the Haagerup property if (and only if) there is a net (ϕ i ) of normalized positive definite functions in C 0 (Γ) converging pointwise to the constant function 1. There are lots of examples of discrete groups with the Haagerup property: all amenable groups have this property. The free groups F N are examples of discrete groups with Haagerup property (see [13] ) but which are not amenable. Thus, one says that the Haagerup property is a weak form of amenability. This property is also known as a "strong negation" of Kazhdan's property (T ): the only (classical) discrete groups with both properties are finite. Another weak form of amenability is the weak amenability, see below for examples in the quantum setting. One can find more examples and a more complete approach to the problems and questions related to the Haagerup property, also called "a-Tamenability", in [9] .
The Haagerup property has many interests in various fields of mathematics such as geometry of groups or functional analysis. We can mention e.g. groups with wall space structures (see [10] and [8] ) as illustrations of the interest in the Haagerup property with respect to the theory of geometry of groups. In functional analysis, the Haagerup property appears e.g. in questions related to the Baum-Connes conjecture (see [14] ) or in Popa's deformation/rigidity techniques (see [16] ).
In [6] , a natural definition of the Haagerup property for compact quantum groups G of Kac type is proposed: G has the Haagerup approximation property if and only if its associated (finite) von Neumann algebra L ∞ (G) has the Haagerup property (see also below, Definition 1.1). We use this definition with the slight modification: the dual G of G has the Haagerup property if L ∞ (G) has the Haagerup property, so that this definition is closer to the classical case where G is a classical discrete group. The author of [12] proposes another definition for the Haagerup property of discrete quantum groups: G has the Haagerup property if there exists a net (a i ) in c 0 ( G) which converges to 1 pointwise and such that the associated multipliers m ai are unital and completely positive. These approaches are equivalent in the unimodular case.
In [6] and [7] , the author shows that the duals of the compact quantum groups O + N , U + N and S + N , introduced by Wang (see [19] and [20] ) have the Haagerup property. In fact, in [7] , it is proved that any trace-preserving quantum automorphism group of a finite dimensional C * -algebra has the Haagerup property. In [12] , using some block decompositions and Brannan's proof of the fact that O + N has the Haagerup property (precisely that some completely positive multipliers can be found), the author proves that O + N is weakly amenable (in fact, it is also proved in [12] that the U + N ⊂ Z * O + N is weakly amenable, and an argument of monoidal equivalence allows to prove, in particular, that S + N is weakly amenable too). In [11] , a definition of property (T ) for discrete quantum groups and some classical properties for discrete groups are generalized, for instance: discrete quantum groups with property (T ) are finitely generated and unimodular.
The aim of this paper is to prove that the duals of quantum reflection groups H s+ N , introduced in [1] , have the Haagerup property. It is a natural generalization of the case s = 1 treated in [7] (since H 1+ N = S + N ). However, this generalization is not immediate: as a matter of fact, the sub C * -algebra generated by the characters is not commutative so that the strategy used in [6] and [7] does not work anymore. However, a fundamental tool of the proof of the main result of our paper is [6, Theorem 3.7] .
What motivates our paper is also the fact that quantum reflection groups are free wreath products between Z s and S + N (see [5] and Theorem 1.17 below) and the result proved in our paper naturally leads to the following question: is it true that if Γ is a discrete group which has the Haagerup property then Γ ≀ w S + N has the Haagerup property ? One can notice the similarity with the result in [10] concerning (classical) wreath products of discrete groups: If Γ, Γ ′ are countable discrete groups with the Haagerup property then Γ ≀ Γ ′ also has the Haagerup property. This similarity is however formal: in our paper we are considering (free) wreath products of groups whose duals have the Haagerup property.
Our proof of the fact H s+ N have the Haagerup property relies on the knowledge of the fusion rules of the associated compact quantum group H s+ N , determined in [4] . Indeed, there is no general result about fusion rules for free wreath products of compact quantum groups yet.
The rest of the paper is organized as follows. In the section 1, we recall the definition of the Haagerup property for compact quantum groups of Kac type and we give the result of Brannan concerning the construction of normal, unital, completely positive and trace-preserving maps on L ∞ (G) (see Theorem 1.2). We also give a positive answer to a question asked in [22] , in the discrete and Kac setting case, concerning symmetric tensors with respect to the coproduct. Then we collect some results on Tchebyshev polynomials: some are already mentioned and used in [6] , but we give suitably adapted statements and proofs for our purpose. Thereafter, we recall the definition of quantum reflection groups H s+ N , and we describe their irreducible corepresentations and the fusion rules binding them. We also recall that at s = 1, we get the quantum permutation groups S + N . In section 2, we identify the images of the irreducible characters of C(H s+ N ) by the canonical morphism onto C(S + N ). In the section 3, we prove that the duals of the quantum reflection groups H s+ N have the Haagerup approximation property for all N ≥ 4.
Preliminaries
Let us first fix some notations. One can refer to [6] , [18] , [15] and [24] for more details. In this paper, G = (C(G), ∆) will denote a compact quantum group, where C(G) is a full Woronowicz C * -algebra. Furthermore, every compact quantum group G considered in this paper is of Kac type (or equivalentely, its dual G is unimodular) that is: the unique Haar state h on
is the GNS construction associated to h). 
One essential tool to construct nets of normal, unital, completely positive and trace preserving maps (we will say NUCP trace preserving maps) is the next theorem proved in [6] . We will denote by Irr(G) the set indexing the equivalence classes of irreducible corepresentations of a compact quantum group G and by P ol(G) the linear space spanned by the matrix coefficients of such corepresenta-
be the subspace spanned by the GNS images of matrix coefficients u
ii of a compact quantum group G and χ α the character of the associated conjugate corepresentation u α . 
The averaging methods used to prove this theorem allow us to answer, in a restricted setting, a question asked in [22] .
Let G = (C(G), ∆) be a compact quantum group. Then consider the C * -subalgebra C(G) central := {a ∈ C(G) : ∆(a) = Σ • ∆(a)} i.e. the C * -subalgebra of the symmetric tensors in C(G) ⊗ C(G) with respect to ∆ (Σ denotes the usual flip map Σ :
In [22] , the author also defines P ol(G) central := {a ∈ P ol(G) : ∆(a) = Σ • ∆(a)}. We recall the question asked by Woronowicz (see [22] thereafter Proposition 5.11):
Then the answer is yes, at least in the Kac and discrete setting. We simply denote by ||.|| the norm on C(G). It is clear, and proved in [22] , that P ol(G) central = span{χ α : α ∈ Irr(G)} where
ii denotes the character of an irreducible finite dimentional corepresentation (u α ij ). So the problem reduces to prove that C(G) central ⊂ span ||.|| {χ α : α ∈ Irr(G)}, the other inclusion being clear. 
Proof. We first note that ∆ r preserves the trace in the sense that (h ⊗ h)
As a result the Hilbertian adjoint ∆ * r , of the L 2 -extension of ∆ r , is well-defined and we have ||∆ * r (x)|| ≤ ||x|| for x ∈ C(G r ) ⊗ C(G r ) with respect to the operator norms (note that this is particular to the tracial situation). Since ∆ * r clearly maps the subspace P ol(
But, on the other hand, for any matrix coefficient of a finite dimensional unitary corepresentations (u α ij ), we have
We compute ∆ * r k u α kj ⊗ u α ik using the duality pairing induced by the inner product coming from the Haar state h: let β ∈ Irr(G r ), then for all 1 ≤ p, q ≤ d β :
) and the result follows. Notation 1.5. We will denote by P ol(G) 0 and C(G) 0 the central * -algebras and C * -algebras generated by the irreducible characters of a compact quantum group G. 
We call them the dilated Tchebyshev polynomials of second kind.
We will use the following results on Tchebyshev polynomials A t . The second one is based upon a result proved in [6, Proposition 4.4], but suitably adapted to our purpose. Proposition 1.7. for all t, s ≥ 1 we have:
Proof. This result is easily proved by induction on t ≥ 1.
For all x ∈ (2, N ), there exists a constant c ∈ (0, 1) such that for all integers t ≥ 1 we have
Proof. First, we follow the proof of [6, Proposition 4.4] and introduce the function
, for x > 2. Then an induction and the recursion formula (1.1) for the polynomials A t show that for all t ≥ 0, we have
Then using the same tricks as in [6] , we get that for all fixed x ∈ (2, N ) and all t ≥ 1
Now notice that the factor
since the last factor does not depend on t and
To prove that such a c exists, we notice that max 
has an exponential decay with respect to t ≥ 1. We will also need some informations on this quotient when x ∈ (0, 2) and N = 2. That is the aim of the next paragraph.
The polynomials A t are linked to the Tchebyshev polynomials of second kind U t by the following formula: ∀t ∈ N, x ∈ [0, 1], A t (2x) = U t (x). Indeed, we recall (see [17] for more details) that the Tchebyshev polynomials of second kind U t are defined for all x ∈ [−1, 1] by
, with x = cos(θ).
In particular, U 0 = 1, U 1 (x) = 2x and for all t ∈ N * , U t (1) = t + 1. Then one can check that for all t ∈ N and x ∈ [0, 1]: 2xU t (x) = U t+1 (x) + U t−1 (x). Proposition 1.10. Let x ∈ (0, 2). Then for any integer t ≥ 1
In particular, there exists a positive constant D < 1 such that ∀t ≥ 1,
Proof. First, by what we recalled above, we can write
Thus, if x = 2 cos(θ), we have by the relation (1.2) above
On the other hand, on [0, 1], the polynomials U t , t ≥ 1 have t + 1 as a maximum, only attained in 1. Then, it is clear that for all t ≥ 1 and x ∈ (0, 2):
So the existence of the announced constant D is clear. 
Remark 1.12.
( 
We denote by
ii the character associated to v (k) . We will need the following proposition, proved in (1) The recursion formula defining the polynomials Π t is the one satisfied by the irreducible characters χ t . (2) The polynomials A t and Π t are linked by the formula:
Before describing the fusion rules of C(H s+ N ), we recall that these compact quantum groups are free wreath products: 
Notation 1.19. We will denote the basic irreducible corepresentations of C(H s+ N ) by ρ t , t ∈ {0, . . . , s − 1}, with ρ t = U t ∀t ∈ {1, . . . , s − 1} and ρ 0 = U 0 ⊖ 1 (where
The proof of the first three assertions follows from the definitions of corepresentations of compact quantum groups and of the definition of C(H s+ N ). The proof of the last three assertions is based upon Woronowicz's Tannaka-Krein duality (see [23] ) and methods inspired by [2] , [3] and [1] . Now, we can give the description of the fusion rules:
and the fusion rules obtained by recursion from the formulae
Then the irreducible corepresentations r α of C(H s+ N ) can be indexed by the elements α of the submonoid S generated by the elements az i a, i = 0, . . . , s − 1, with involution and fusion rules above. 
which simply means that we have the relation (1. 3) in the monoid S.
We end this subsection by the following proposition which summarizes the results above: 
Characters of quantum reflection groups and quantum permutation groups
As announced in the introduction, we find the images of the irreducible characters of C(H N ] ), the image of χ α , say P α , satisfies:
Proof. We shall prove this proposition by induction on the even integer k i=1 l i using the description of the fusion rules given by Theorem 1.20, the recursion formula satisfied by the Tchebyshev polynomials, Proposition 1.7 and Proposition 1.22.
Let HR(λ) be the following statement:
Let us begin by studying simple examples (and initializing the induction).
Consider the element aza. Then, the irreducible corepresentation r aza (written ρ 1 in Notation 1.19) is sent by π onto v = 1 ⊕ v (1) by Proposition 1.22. Thus, in term of characters, we obtain by Proposition 1.15
Actually, this holds for all elements α = az j a, j ∈ {1, . . . , s − 1} (since every irreducible corepresentation r az j a is sent by π onto 1 ⊕ v (1) , as is r aza ). Consider the element a 2 . Then, the irreducible corepresentation r a 2 (written ρ 0 in Notation 1.19) is sent by π onto v (1) . Thus π(χ a 2 )(X) = X − 1. i.e.
To prove HR(2) one has to show that π(χ a 2 )(X 2 ) = A 2 (X) and π(χ az j a )(X 2 ) = A 1 A 1 (X) for all j ∈ {1, . . . , s − 1}, what we have just done above. Now assume HR(λ) holds:
In order to use HR(λ), we must "break" α using the fusion rules as in the examples above. Then, essentially, one has to distinguish the cases L K = 1, L K = 3 and L K ≥ 5 (in the case L K ≥ 5 we can "break α at a LK " but in the other cases we must use a LK−1 or a LK−2 if they exist, that is if there are enough factors a Li ). So first, we deal with two special cases below, in order to have "enough" factors a L in α in the sequel. We use the fusion rules described in Theorem 1.20 (and the notations described after, see Remark 1.21).
-
Then using the hypothesis of induction and Proposition 1.7, we get
(Notice that if λ = 2 one has λ − 2 = 0 and
so that the result we want to prove then is still true.)
-From now on, we suppose that there are more than three factors a Li in α i.e. K ≥ 3. We will have to distinguish three cases:
If m K = 1, i.e. L K = 3, we proceed in the same way using
To conclude the induction, one has to deal with the case L K = 1. We have to distinguish the following cases:
If L K−1 = 2 and J K−1 + J K−2 = 0 mod s, we can proceed in the same way using
The last case to deal with is L K−1 = 2 and J K−1 + J K−2 = 0 mod s, and again we can conclude thanks to
As a corollary, we can get the result also proved in [4] (see Theorem 9.3):
since π is a morphism of Hopf algebras. But the counit on C(S + N ) 0 is given by the evaluation in N . Indeed, an immediate corollary of Theorem 1.14 and Proposition 1.15, is ǫ(Π t ) = Π t (N ) for all polynomials Π t , which form a basis of R [X] . Now by the previous proposition
Haagerup property for quantum reflection groups
In this section we show that duals of the quantum reflection groups C(H 
Proof. Let α = a l1 z j1 . . . a l kα . We obtain the first assertion using Proposition 2.1 and Corollary 2.2:
By Proposition 1.8, for any fixed x ∈ (4, N ), there exists a constant 0 < c < 1 
Moreover C α (x) converges to 0 as α → ∞ for all x ∈ (0, 4).
Proof. The proof of the first assertion is similar to the one of the previous proposition. For the second assertion, we use Proposition 1.10. We recall that we proved in that proposition that there exists a constant D < 1 such that for all x ∈ (0, 4) and all l ≥ 1
Let ǫ > 0 and x ∈ (0, 4). We want to prove that,
A li (2) < ǫ for α large enough.
By (3.1), there exists a K > 0 such that
A l i (2) < ǫ for all α ∈ S with k α ≥ K. But by Proposition 1.10 there is also an L > 0 such that
< ǫ for all l ≥ L, since this quotient converges to 0. Now let α = a l1 z j1 . . . a l kα ∈ S, with L(α) ≥ LK. Then either k α ≥ K, or there exists i 0 ∈ {1, . . . , k α } such that l i0 ≥ L. In both case we can get (3.2) since
A li 0 (2) , each factor of the product being less that one.
Then we can prove the theorem: 
so let x → N and the assertion (3.3) holds for all these matrix coefficient. Now by L 2 -density of P ol(H s+ N ) and the fact that all T φx , x ∈ I N , are unital contractions (and thus are uniformly bounded), we obtain that (3.3) is true for any a ∈ L 2 (H s+ N ).
Remark 3.6. In [5] , it is proved that there is a * -Hopf algebras isomorphism between C(H 
